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Abstract 



Based on the second author's thesis [Hor08] in this article we provide a uniform treatment 
of abstract involutions of algebraic groups and of Kac-Moody groups using twin buildings, 
RGD systems, and twisted involutions of Coxeter groups. Notably we simultaneously gener- 
alize the double coset decompositions established in |Spr84| , [HW93| for algebraic groups and 
in [KW92] for certain Kac-Moody groups, we analyze the filtration studied in [DM07| in the 
context of arbitrary involutions, and we answer a structural question on the combinatorics of 
involutions of twin buildings raised in [BGHS03] . 

1 Introduction 

For the study and the classification of reductive symmetric fc-varieties, i.e., homogeneous spaces 
Gk/Hk, where G is a reductive algebraic group defined over k and H an open subgroup of the 
group of fixed points of a /c-involution 9 of G, it is crucial to have a precise description of invo- 
lutions and their fine structure of restricted root systems with multiplicities and Weyl groups. A 
full classification of symmetric fc-varietics for arbitrary k depends on the understanding of three 
invariants (cf. |Hel001 Section 1]): the classification of Satake diagrams, of isomorphism classes of 
involutions of anisotropic groups, and of isomorphism classes of quadratic elements. 

Over the reals this classification is well known ( [Ber57j . |Hel78[ Chapter X], |Hel88j ) . The 
key feature of the real numbers and, more generally, the real closed fields that makes symmetric 
varieties over these fields classifiable is that they have a finite codegree within the field of complex 
numbers. Since by the Artin-Schreier theorem ( |Jac891 Theorem 11.14]) admitting an algebraically 
closed field as an extension field of finite degree is a characteristic feature of real closed fields, it 
is therefore not surprising that many difficult problems arise when studying rationality properties 
of symmetric fc-varieties for non-real closed fields fc, as documented in jHW93| . One main focus 
of |HW93j are symmetric varieties over non-archimcdcan local fields, which makes the theory of 
Bruhat-Tits buildings C |BT72| . |BT84) ) appficable in this context, as illustrated in |BO07| and 
IDSI. 



The purpose of the present paper is to use the theory of groups with an RGD system (see |Tit92[ 
Section 3.3] and also |AB081 Definition 7.82 and Section 8.6.1]), which generalizes the theories of 
connected isotropic reductive linear algebraic groups (Remark l2.ip and of split Kac-Moody groups 
(Remark 12. 3p , in order to study involutions of groups with algebraic origin uniformly. It turns 
out that many properties of fc-involutions of connected reductive fc-groups (established in |HW93j 
over arbitrary infinite fields fc of characteristic distinct from two) and of algebraic involutions 
of split Kac-Moody groups (established in |KW92j over arbitrary algebraically closed fields of 
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characteristic zero) are in fact true for arbitrary abstract involutions of arbitrary groups with an 
RGD system of "characteristic" distinct from two. (Here we use the word characteristic in the 
sense of the geometric and algebraic properties studied in Section [SJ see Remarks 16.91 and 16.111 ) 
The abstract approach we describe in this article is possible because of the existing classifications 
of the abstract automorphisms of connected isotropic reductive linear algebraic groups ( |BT73[ 
Proposition 7.2]) and of split Kac~Moody groups ( |Cap09[ Theorem 4.1]); cf. Remark 13.81 below. 

One of our main results is a double coset decomposition that simultaneously generalizes |HW93[ 
Proposition 6.10] and jKW92l Proposition 5.15]. (We refer to Sections [2] and [3] for definitions.) 

Theorem 17.11 Let (G, {[/ajag^, T) be an RGD system, let C be the associated twin building, 
let 9 be a quasi-flip of G, let B be a Borel subgroup of G, let Gg be the subgroup of G of 9-fixed 
elements, and let {Si \ i £ 1} be a set of representatives of the Gg-conjugacy classes ofO-stable twin 
apartments ofC. If the root groups are uniquely 2-divisible or if G is split algebraic/Kac~Moody 
and 9 is a semi-linear flip, then 

Gg\G/B = U WG,i^^)\WG{^^), 

lei 

where Wx{^^) := Stabx(S,)/Fixx(S^). 

The image under the above 1-1 correspondence of a double coset GggB is determined by the 
unique Gg-conjugacy class of 6'-stable twin apartments containing the chamber gB represented by 
one of the (cf. Proposition l6.4l and Lemma [^75]) . and the Stabcg (Ei)-orbit structure of E^. This 
generalizes the observation Ge\G/B = Inv(M^) made in |GM08| in the case of a split Kac-Moody 
group G defined over a finite field ¥^2 and an Fg2-semi-linar fiip 9 of G; cf. Corollarv l7.7l In this 
case the 1-1 correspondence is given by GegB 6'^{gB) (see Definition IXTT]) . 

The situation when \G0\G/B\ = 1, i.e., when G admits an Iwasawa decomposition G ~ GqB, 
has been studied in detail in |DMGHd9] . The main result of that paper is a characterization of the 
fields F such that some split algebraic group over F or F-locally split Kac-Moody group admits 
an Iwasawa decomposition. 

Sections U] and [S] constitute the building-theoretic heart of the present article. We adapt 
the filtration studied in |DM07j to the situation of non-strong quasi-flips (cf. Definition I3.13P 
and provide a local-to-global result on the structure of flip-fiop systems (cf. Definition 15. ip . A 
combination of our findings with a result by Hendrik Van Maldeghem and the second author (see 
Theorem 15. 9p yields our second main result, which answers a question posed in |BGHS03] in the 
most relevant cases. 

Theorem [TTSl Let 

• (G, {[/alagcj), T) be an RGD system of 2- spherical type with finite root groups {C/alae* of 
odd order and of cardinality at least five, or 

• let F be an infinite field of characteristic distinct from two and let G be a connected ¥-split 
reductive V-group or a split Kac-Moody group over¥ of 2- spherical type {W,S). 

Moreover, let C he the associated twin building, and let 9 be a quasi-flip of G. 

Then the flip-flop system is connected and equals the union of the minimal Phan residues of 
Ce- Moreover, there exists K C S, such that {C,9) is K -homogeneous. Furthermore, the K -residue 
chamber system is connected and residually connected. In particular, if 6 is proper, then {C,6) 
is ^-homogeneous, and is residually connected. 

Standard methods from geometric group theory allow us to conclude the following finite gen- 
eration result from the preceding theorem. 
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Theorem 17. Ill Let (G, {Ua}ai£^,T) be an RGD system of 2-spherical type with finite root groups 
{Ua}a^^ of odd order and of cardinality at least five, and let 9 be a quasi-flip of G. Then the 
group Go is finitely generated. 

The proofs of Theorems 17.81 and 17.111 are based on abstract building-theoretic arguments and 
a local analysis of the rank two case. This local analysis has been conducted by Hendrik Van 
Maldeghem and the second author for all finite and for all split Moufang polygons with uniquely 
2-divisible root groups (see Theorem 15.91 on page ITS)) . We do not see any reason why this local 
analysis should fail for arbitrary Moufang polygons with sufficiently large uniquely 2-divisible root 
groups, but currently there is no formal proof available. 

Acknowledgement 

The authors thank Aloysius Helminck for several very encouraging discussions on the topic of this 
article. The authors also thank Tonny Springer and Wilberd van der Kallen for pointing out to 
them the work by Aloysius Helminck in the first place. 

2 Basics 

RGD systems 

Let G be a group endowed with a family {J/ctjag* of subgroups, indexed by a root system $ of type 
[W, S), and let T be another subgroup of G. Following [ABOSi Definition 7.82 and Section 8.6.1] 
(also |Tit92[ Section 3.3] and |CR09[ Section 2]) the triple (G, T) is called an RGD 

system of type (W, S) if it satisfies the following, where U± := (Ua \ a G $±}: 

(RGDO) For all a G $, we have [/„ 7^ {1}. 

(RGDl) For every prenilpotent pair {a, P} C ^ oi distinct roots, we have [Ua, U13] C (C/^ | 7 G]a, (3[). 

(RGD2) For every s G S and u G Ua^ \ {1}, there exist elements u',u" of U-as such that the 
product fj,{u) :— u'uu" conjugates Up onto Us{[j) for each /3 G $. 

(RGD3) For all s G 5 we have U-a, % U+. 

(RGD4) G^T.{Ua I a G $). 

(RGD5) T normalizes Ua for each a G $, i.e., T < f]^^^ NdUa)- 

The groups Ua are called the root subgroups of G and the pair {{Ua}ae'S>,T) is referred to as 
a root group datum. 

Define Xa '■= {Ua,U-a) and Xa,i3 (Aq,,A^). A root group datum is called locally split, 
if the group T is abelian and if, for each a G $, there is a field Fq, such that Xa is isomorphic to 
(P)SL2(Fq) and {Ua,U-a} is isomorphic to its natural root group datum of rank one. A locally 
split root group datum is called F-locally split, if = F for all a G 

Remark 2.1. Let G be a connected reductive linear algebraic group defined over an infinite 
field F and let G(F) denote the subgroup of F-rational points of G; cf. |Hum75| . |Bor91| . |Spr98| . 
Assume that G is isotropic over F and let T be a maximal F-split F-torus. By |BT65j there exists 
a family of root groups {t/ajag*, indexed by the relative root system $ of (G(F),T(F)), such 
that {G(¥),{Ua}ae-S',T(¥)) is an RGD system. For details see also |BT72[ Section 6], |AB08[ 
Section 7.9]. 

Example 2.2. Let n > 2 and let {W, S) be the Coxeter system of type An-i, i.e., let W = Sn 
be the symmetric group on n letters and let S = {si, s„_i} be its standard generating set 
consisting of adjacent transpositions. The root system $ of type (W, S) has one root atj for 
each ordered pair {i,j) with 1 < i,j < n and i ^ j; cf. jAB08[ Examples 1.119, 3.52], jHum90[ 
Section 2.10]. Let 
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• F be a field, 



• G = GL„(F), considered as the group of invcrtible {n x ri)-niatrices over F, 

• T := {diag(Ai, A„) | Xi G F*} be the group of invertible diagonal (n x 7i)-matrices over F, 

• t^Qi j '■— {Inxn + Xcij I A G F}, where l„xn denotes the identity {n x ri,)-niatrix and eij the 
matrix whose (i, j)-entry is 1 and all other entries are 0. 

Then the triple (G, ^.e<E,, T) is an F-locally split RGD system of type {W,S)] cf. |AB08[ 

Example 7.133]. Replacing G by G' = SL„(F) and T by T' := {diag(Ai, A„_i, Aj^^ • • • A'^^) | 
A, e F*} also yields an F-locally split RGD system (G', {?7„, ^e*, T') of type {W,S). 

Remark 2.3. Let V = (/, A, A, (ci)ig/) be a Kac-Moody root datum, let T = [Q, {(l)i)i^i,r]) be 
the basis of a Tits functor Q of type V, let F be a field, and let G := Q{¥) be the corresponding split 
Kac-Moody group; see [Tit87| and also |Tit92j . jRem021 Part II], |Cap09| . Let M{A) = {mij),,j^i 
be the Coxeter matrix defined by ma := 1 and, for i ^ j, by m^- := 2,3,4,6 or by m := oo 
according to whether the product AijAji equals 0, 1, 2, 3 or is greater or equal 4. Let {W, S) 
be a Coxeter system of type M{A) with S = {si \ i G I}, let $ be its root system, and let 
n = {ai ] i G /} be a system of fundamental roots of <f> such that, for each i € I, the reflection 
associated with ai is s;. For each z G J let (resp. C/-qJ be the image under 4>i{¥) of the 
subgroup of upper (resp. lower) triangular unipotent matrices. Then, via conjugation of the U±ai 
with elements of W, there exists a family of root groups {?7a}o,g$ro such that (G(F), {J7a}ae*"= , T) 
is an RG D system, where T := flas*- ^G(F)(C/a); cf. |Tit87| . jTit92j . |Rem02[ Proposition 8.4.1], 

ICapOQj Lemma 1.4]. 

Almost split Kac-Moody groups satisfying the Galois descent property defined in |Rem02i 
12.1.1] also admit a root group datum by |Rem021 Theorem 12.6.3]. See |Miih99j for additional 
examples of Kac-Moody groups with a root group datum. 

Example 2.4. Let n > 2, let {W, S) be the Coxeter system of type An-i, and let $ be the root 
system of type An-i as in Example 1 2. 2 1 Moreover, let {W, S) be an affine Coxeter system of type 
An-i- Furthermore, let 

• F be a field, 

• G = GL„(F[t, f^^]), considered as the group of invertible [n x 7i)-matrices over the ring of 
Laurent polynomials F[t,i~^], 

• T {diag(Ai, A„) ] A^ G F*} be the group of invertible diagonal (n x n)-matrices over F, 

• j,d ■= {Inxn + At'^ejj ] A G F}, whcrc d G Z, and l„xn denotes the identity (n x 7i)-matrix 
and Cij the matrix whose (i, j)-entry is 1 and all other entries are 0. 

Then the triple (G, {Uai .d}ai e*,(ieZi T) is an F-locally split RGD system of type {W, S). Again, 
replacing G by G' = SL„(F[t,Vi]) and T by T' := {diag(Ai, A„_i, Af' • • • A^ii) ] A, G F*} 
also yields a n F-loca lly split RGD system (G^{L^a. ^.,d}a,,,e*,dez, T') of type {W,S); cf. |CR09[ 
Section 2.7], |Abr96[ page 17, Example 2], }AB08[ Section' 8.3.2]. 

(Twin) SAT-pairs 

Following |AB08[ Section 6.2] (also }Bou681 Chapter IV], |Bou02| . [Tit 74] ) a pair of subgroups B 
and of a group G is called a BN-pair, if B and N generate G, the intersection T B O N 
is normal in N, and the quotient group W :— N/T admits a set S of generators such that the 
following conditions hold: 

(BNl) wBs C BwsB U BwB for allw^W, s e S, and 
(BN2) sSs-i ^ B for all s e S. 
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The group W is called the Weyl group associated to the BN-pair. The quadruple {G,B,N,S) 
is also called a Tits system. 

A group G with a BA^-pair admits a Bruhat decomposition G = Utoew BwB; cf. |AB08[ 
Theorems 6.17 and 6.56]. For each J C S the set Pj := UmeWj BwB is a subgroup of G, the 
standard parabolic subgroup of type J. The pair {W, S) is a Coxeter system. 

Let (G, B+,N, S) and (G, B_, A^, 5) be two Tits systems such that B+CiN = B_nA. Following 
jTit92[ Section 3.2], |AB08[ Section 6.3.3] the triple {B+,B^,N) is called a twin J57V-pair, if 
the following conditions are satisfied: 

(TBNl) B^wB^.sB^s = B^wsB^s for e £ {+, -} and all w eW, s e S such that l{ws) < l{w), 
and 

(TBN2) B+s n B_ = for all s e S. 

A twin SA^-pair is called saturated, if B^ D B^ ~ T. A group G with a twin _BA^-pair admits 
the Birkhoff decomposition G = Uu^eiv B^wB-^, where e G {+, — }; cf. |AB08[ Proposition 6.81]. 
The tuple (G, B+, B-,N, S) is called a twin Tits system. 

Remark 2.5. By |AB08[ Lemma 6.85], if {B+, B-, N) is a saturated twin BA^-pair in a group 
G and if A^' is an arbitrary subgroup of G, then {B+, B-, N') is a twin _BA^-pair if and only if 
N'{B+ n = A^. Moreover, by the same lemma, if a pair _B+, _B_ of subgroups of G is part 
of a _BA^-pair, then there is a unique subgroup N < G such that A^) is a saturated twin 

i3A"-pair. It is therefore only a very mild condition for a twin _BA^-pair to be saturated. 

By |Tit92[ Proposition 4], |AB08[ Theorem 8.80], if (G, {Uajaei-, T) is an RGD system of type 
iW,S), then for 

A^ := r.(//(M)|uG(7„\{l},aen), 
B+ := T.U+, 
S_ := T.U-, 

the tuple {G,B+,B^,N,S) is a saturated twin BA^-pair of G with Weyl group N/T = W. It is 
called the twin i?A^-pair associated to the root group datum. 

Example 2.6. Again, let n > 2, let (W, S) be the Coxeter system of type An-i, and let $ be the 
root system $ of type {W, S). As discussed in Example 1 2. 21 $ has one root aij for each ordered pair 
with I < i,j <n and i 7^ j. Define := {a^j e $ | i < j} and := {a^j G | z > j}. 
Moreover, also as in Example 12.21 let 

• F be a field, 

• G = GL„(F), considered as the group of invertible (n x n)-matrices over F, 

• r:={diag(Ai,...,A„) | A, G F*}, 

• Ua,^, ■= {lnx« + Aey I A G F}. 
Then for 

• [/+ = (C/q. ■ I aij G $+) = ([/q. ■ I ttij G <I>,i < j) is the group of strictly upper triangular 
(71 X n)-matrices over F, 

• = is the group of upper triangular (n x ri)-matrices over F, 

• U- = (Uai j I cti,j G <&-) = (C/q. ■ I ai,j G $, i > j) is the group of strictly lower triangular 
(n x r;,)-matriccs over F, 

• B- = T.U- is the group of lower triangular (n x n)-matrices over F, 
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• A'^ is the group of invertible monomial (n x n)-matrices over F 

the tuple {G, B^, B^, N, S) is a twin Tits system, and the tuple [B^.B^^N] is a saturated twin 
BA^-pair. 

Example 2.7. Once more, let n > 2, let {W,S) be the Coxeter system of type A„_i, and let $ 
be the root system of type An-i- As in Example 12.41 let 

• F be a field, 

• G = GL„(F[t, considered as the group of invertible (n x n)-matrices over the ring of 
Laurent polynomials F[t, 

• T:={diag(Ai,...,A„)|A, eF*}, 

• Ua, j,d := {lnx« + Xf^e^-i I A e F}, where d e Z. 
Then for 

• B+ = T.U+ = T{Ua,_^,d I € <^,d € < j d > 0),(i > j d > 0)) is the group 
of invertible (n x n)-matrices over the ring of polynomials F[i] which modulo t are upper 
triangular, 

• S_ = T.U- = T{Ua,^^,d I aij e <P,d eZ,{i < j =^ d < 0), {i > j ^ d < 0)) is the group of 
invertible {n x 7i)-matrices over the ring of polynomials F[i^^] which modulo t^^ are lower 
triangular, 

• A^ is the group of invertible monomial (n x n)-matrices over the ring of Laurent polynomials 
F[t,i-i], 

the tuple (G, A^, S) is a twin Tits system. 

Chamber systems 

Let / be a finite set. A chamber system over / is a pair C = (G, where G is a non-empty 

set whose elements are called chambers and where each z g /, is an equivalence relation on 
the set of chambers; see [TitSlj . |AB08[ Section 5.2], [BCl Chapter 3] 

The rank of a chamber system of type / is the cardinality of /. Given i G / and c, G G, 
then c is called i-adjacent to d, if c ~i d. The chambers c, d arc called adjacent, if they are 
i-adjaccnt for some i E I. 

A gallery in C is a finite sequence (cq, ci, . . . , Cfe) such that G G for all < ^ < /c and such 
that C;^_i is adjacent to for all 1 < < fc. The number k is called the length of the gallery. 

For a subset J C / a J-gallery is a gallery G = (cq, ci, . . . , Cfc) such that for each 1 < fj, < k 
there exists an index j G J with c^_i c^. Given two chambers c, d, we say that c is J- 
equivalent to d, if there exists a J-gallery joining c and d; we write c d in this case. Note that 
since is an equivalence relation, c and d are z-adjacent if and only if they are {i}-equivalent. 

Given a chamber c and a subset J of /, the set Rj{c) := {d G G | c ~j d} is called the 
J-residue of c. If J = {i}, then Rj{c) is called the i-panel of c (or the i-panel containing c); 
a panel is an z-panel for some i € I. Note that (i?j(c), is a connected chamber system 

over J. 

Let C be a chamber system over / and let K C I. Then the Jf-residue chamber system 
Ck over /' := I \ K is defined as follows: Its chambers are the if-residucs Rk{c) in C and, for 
i G I' , two chambers Rk{c), RK{d) of Ck are i-adjacent if and only if both are contained in 
the same {K U {i})-residue. In other words, for J C J', the J-residues of Ck are precisely the 
(J U if )-residues of C. 

A chamber system C over / is called residually connected (see jBCl Chapter 3] ) , if for each 
J Q I and for every family of residues {Rj\yy)j^j with pairwise non-trivial intersection, the 
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intersection j Ri\{j} is an (/ \ J)-residue, i.e., Hjg j ^i\{j} ^ non-empty connected induced 
chamber system over I \ J. 

Let C = (C, (^i)ig/) be a chamber system and let C C C. The chamber system C ~ 
(C, {^i\c' xC')iei) is cahed the sub-chamber system of C induced on C . If C = (C, (^i)ie/) is a 
chamber system with an induced sub-chamber system C ~ (C, {^i\c'xC')iei) and a distinguished 
subset X C C', the chamber system C inherits connectedness from C within X, if two 
chambers c,d € X arc connected by a J-gallery in C if and only if they are connected by a 
J-gallery in C. If C inherits connectedness from C within C' , then one also says that C' inherits 
connectedness from C. 

(Twin) buildings 

Let {W, S) be a Coxeter system. A building of type {W, S) is a pair (C, S) where C is a non-empty 
set and S : C x C ^ W is a, distance function satisfying the following axioms, where x,y € C 
and w = 5(x, y): 

(Bui) w = 1 if and only if a; = y, 

(Bu2) if z G C is such that S{y,z) — s € S, then 5{x,z) G {w,ws}, and if furthermore l{ws) — 
l{w) + 1. then z) = ws, and 

(Bu3) if s e S, there exists z G C such that S{y, z) = s and 5{x, z) = ws. 

For detailed information on buildings refer to |Tit74j . [Ron89| . |AB08] . 

Remark 2.8. For a building {C,6) of type (1^,5*) and s G S*, we define a relation where 
c, d G C are s-equivalent, i.e., c ~s d, if and only if 6{c,d) G {li4',s}. From the axioms above 
it follows that this is in fact an equivalence relation, and (C, (^s)sgs) is a chamber system (see 
[AB081 Section 5.1.1]). By |Tit81[ Theorem 2] it is possible to reconstruct the building and its 
distance function from this chamber system and, hence, one does not need to distinguish between 
the building and its chamber system. In particular, one may speak of galleries, residues and panels 
of a building. 

Example 2.9. Let n > 2, let (W, S) be a Coxeter system of type A„_i, i.e., as in Example 12.21 let 
W = Sn be the symmetric group on n letters and let S = {si, s„_i} be its standard generating 
set consisting of adjacent transpositions, let F be a field, and let V be an n-dimensional vector 
space over F. Define C := {{Vi, C V"~^ \ {0} ^ Vi < V2 < ■ ■ ■ < K-i < V} to be the 
set of maximal flags of non-trivial proper F-subspaces of V. For 1 < i < n — 1, define two maximal 
fiags (Vi, Vn-i) and {V{, V^_i) to be Si-adjacent if and only if for all 1 < j < n — 1 with 
j ^ i one has Vj — Vj. Then (C, (^sji<i<„_i), where denotes the equivalence relation of 
Si-adjacency, is a chamber system, which gives rise to a building of type (W,S) via Remark 12.81 
cf. |AB081 Definition 4.25]. 

Remark 2.10. A Tits system (G, B, N, S) leads to a building whose set of chambers equals G/B 
and whose distance function 6 : G/B x G/B — > is given by S{gB,hB) = w ii and only if 
Bg-^hB = BwB; see |AB08[ p. 320, item (4)]. 

Example 2.11. Let G = GL„(F) with its Tits system {G,B+,N,S) from Example and 
let {C, {^si)i<i<n-i) be the chamber system of the building of type {W,S) from Example 12.91 
arising from the F- vector space V ^ F". After choosing a basis {ei, . . . ,e„} oi V, the matrix 
group G acts on V. This induces a transitive action of G on the set of chambers C which pre- 
serves each of the equivalence relations ^si- Therefore, as the stabilizer in G of the maximal fiag 
c ((ei), (ei, 62} ... , (ei, 62, ... , e„_i)) equals the group B^ of upper triangular matrices, by the 
fundamental theorem of permutation representations one indeed has G/B^ = G/Stabfj(c) ^ C. 
For 1 < i < n — 1, the s^-panel of c is 

= {((ei),...,(ei,...,ej_i),V^i,(ei,...,ej+i),...,(ei,...,e„_i)) | (d, e^-i) <Vi< (d, e^+i)}. 
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The stabilizer in G of this s^-panel equals B^wB^. Therefore, gB+ e G/B+ = C is 

Si-adjacent to B^ (which corresponds to the chamber c G C) if and only if 5 S LJu;e(s >cvK Bj^wB^ 
which is the case if and only if B^gB+ C |JtoG(s )ch' B^wB^. More precisely, one has B+gB+ = 
B^ if and only if g G -B+ and Bj^gB^ — B^SiB+ if and only if g G U«ie(si)civ B+wB^\B+. 

Remark 2.12. Buildings can also be considered as simplicial complexes, see |AB08[ Chapter 4]. 
In this article we will sometimes implicitly switch to that point of view. 

The rank of a building of type {W, S) is IS*]. A building is thick (resp. thin), if for any s e 5 
and any chamber c e C there are at least three (resp. exactly two) chambers s-adjacent to c. The 
numerical distance l{x,y) of two chambers x and y is defined as l{5{x,y)). A building is called 
spherical, if its Coxeter system {W,S) is spherical, i.e., if W is finite. In a spherical building, 
two chambers c, d are called opposite, if 5{c, d) = ws, the longest element of (VF, 5"). 

Example 2.13. Let {W, S) be a Coxeter system. Define 5s W xW W : {x,y) ^-^ x~^y. Then 
5s is a distance function and {W, 5s) is a thin building of type {W, S). Any thin building of type 
(W, S) is isometric to the one given here, cf. jABOSi Exercise 4.12]. 

Suppose (C, 5) is a building of type {W, S). Then an apartment of C is a subset E of C, such 
that (S, 5\y) is isometric to {W, 5s) (cf. Example l2.13p . A root of an apartment E (considered as a 
simplicial complex; cf. Remark l2.12p is a subcomplex a C E that is the image of a reversible folding 
in the sense of |AB08[ Definition 3.48]. The subcomplex —a of E generated by the chambers not 
in a is again a root, the root opposite to a. A subcomplex a of a building (considered as a 
simplicial complex; cf. Remark l2.12p is called a root, if there is an apartment E such that a C E 
and a is a root in E. According to |AB08i Exercise 4.61], if a is a root in a building, then it is a 
root in every apartment containing it. 

Example 2.14. Let n > 2, let (W, S) be a Coxeter system of type A„_i, let F be a field, let V be 
an ri-dimensional vector space over F, and let (C, ('~sji) be the chamber system of the building 
of type An^i described in Example 12.91 Moreover, let {ei, e„} be a basis of V and for m G N 
define m := {1, to}. Then the set 

{(Vi, Vn-i) G C I Vi G n - 13Jj C n with | Ji| i such that Vi = (e^ | j G Ji) } 

defines an apartment of that building. In fact, to each apartment E of the building (C, {^si)i) 
there exists a basis of V such that E can be described as above. 

By [AB08[ Proposition 5.34] for each residue R and chamber d of a building C, there exists 
a unique c G R such that l{c,d) = mm{l{x,d) \ x G R}, called the projection of d onto R 
and denoted by proj^ d. If S is another residue of C, define proj^j^ := {proj^ d | d G S}, the 
projection of S onto R. Note that the subset proj^ 5 of i? by |AB08[ Lemma 5.36] is a residue 
of C. 

A twin building of type {W,S) is a triple C = {{C+,5+),{C-,5-),5*) consisting of two 
buildings (C+,(5+) and (C_,5_) of type {W,S) together with a codistance function 5* : (C+ x 
C_) U (C_ X C+) W satisfying the following axioms, where e G {+, — }, x E Ce, y G C_e, and 
w = 5*{x,y): 

(Twl) 5*{y,x) =w-\ 

(Tw2) if z G C_e is such that (5_e(y, z) ~ s E S and l{ws) = l{w) — 1, then 5*{x, z) = ws, and 

(Tw3) if s G S*, there exists z G C_e such that 6-e{y, z) ^ s and 5*{x, z) ~ ws. 

Two chambers c G and d G C_e (e G {+,—}) are called opposite, in symbols c opp d, 
if 5*{c,d) = Iw- Two residues are opposite, if they have the same type and contain opposite 
chambers. A twin apartment of a twin building C is a pair E = (E+,E_) such that E+ is an 
apartment of C+, E_ is an apartment of C_, and every chamber in E+ UE_ is opposite to precisely 



8 



one other chamber in E+UE_; this induces the opposition involution opj^ : S ^> E which maps 
a chamber of S to its opposite. A twin root of a twin apartment E is a pair a = (a+,a_) of 
roots in E such that op-^{a+) — — a_ and op5^(Q!_) = — «+; cf. |AB08[ Definition 5.190]. Given a 
twin root a and a panel P of C+ or C_ that meets a, the panel P is called a boundary panel of 
a, if P n a consists of exactly one chamber; otherwise, P is called an interior panel of a. If P 
is a boundary panel of a, define C{P,a) :— P\{c}, where c is the chamber in P C\ a. 

Remark 2.15. By jTit92[ Proposition 1] (also |AB08[ Example 5.136]) there is a canonical one- 
to-one correspondence between spherical buildings of type {W, S) and spherical twin buildings of 
type {W,S): For a spherical building (C,(5), the tuple Ctwin := ((C, <5), (C_, (5*) with C_ := 
{c_ I c G C} and functions 5- : C- x C- ^ W : (c_, ci-) ^ ws5{c, d)ws and 



is a twin building, and any twin building with (C,(5) as a positive half is isomorphic to this 
twin building. Two chambers c, d G C are opposite (i.e., S{c,d) = ws) if and only if c and 
c?_ are opposite (i.e., S*{c,d-) ~ 5{c^d)ws = Iw) if and only if c_ and d are opposite (i.e., 
(5*(c_, d) = wsS{c, d) = Iw)- 

By |AB08[ Lemma 5.149], if i? is a residue in Cg of spherical type, and d is a chamber in C_e, 
then there is a unique chamber c' £ i? such that (S*(c',d) is of maximal length in S*{R,d). This 
chamber satisfies S*{c, d) = (5e(c, c')(5*(c', d) for all c £ R. This chamber c' is called the projection 
of d onto i?, in symbols pro]j^(d). 

A pair (M^., Af_) of non-empty subsets Af+ C C+ and A/_ C C_ is called convex, if projp c £ 
A/+ U A/_ for any c e U A/_ and any panel P C C+ U C_ that meets A/+ U A/_ . Two spherical 
residues R and Q are called parallel if projj^(Q) = R and projg(_R) = Q. 

Group actions on buildings 

Following jABOSi Definition 6.67] a group G acts on a twin building C = ((C+,(5+), (C_, (5*), 
if it acts simultaneously on the two sets C+ and C_ and preserves the distances S- and the 
codistance S*. It acts strongly transitively, if it is transitive on the set {(c+,c_) G C+ x C_ 
(5*(c+,c_) — Iw} of pairs of opposite chambers of C; see |AB08[ Lemma 6.70] for a collection 
of characterizations of strong transitivity. By [ABOSi Corollary 6.79], a group acting strongly 
transitively on a thick twin building admits a twin PiV-pair. 

For any twin root a of a twin building C, the root group Ua is defined to be the set of type- 
preserving automorphisms g of C such that g fixes a and every interior panel of a pointwise. The 
twin building C is called Moufang, if for each twin root a and each boundary panel P, the action 
of the root group Ua on the set C{P, a) = P\{c} is transitive, where c is the chamber in P Da; it 
is called strictly Moufang, if these actions are simply transitive, see |AB08[ Section 8.3]. Any 
Moufang twin building that does not admit a root group Ua, a G <&, which commutes with each 
root group JJ/j, /3 G —a}, is strictly Moufang by |AB08[ Proposition 7.79]. 

Conversely, a group G with a twin PA^-pair yields two buildings [G / B^,5+) and {G/B^,S^) 
with distance functions 6^, e G {+, — }, defined as : G/ x GjB^ — > W via 8^{gB^, hB^) = w 
if and only if B^h^^gB^ = B^wB^ using the Bruhat decomposition; cf. Remark 12.101 Further- 
more, using the Birkhoff decomposition one can define the codistance function 5* : [GjB^ x 
G'/P+) U (G/P+ X GjBJ) W via 5*{gB^,hB+) = w if and only if B+h-'^gB^ = B+wB_ 
and 5*{hB+,gB_) := {5*{gB_,hB+))-\ The tuple {{G/B +,S+),{G/B_,S_),6*) then is a twin 
building, the twin building associated to G; see [AB08[ Theorem 6.87]. 

Hence, to every ROD system, a twin building is associated in a natural way (recall |Tit92l 
Proposition 4], [Ai308[ Theorem 8.80]). An RGD system (G, {Ua}aG<S',T) is called faithful, if G 
operates faithfully on the associated building. It is called centered, if G is generated by its root 
groups, and reduced, if it is both centered and faithful. For any RGD system (G, {Ua}ae<i>iT), 



(5* : (C xC_)U(C„ xC)^W: 



{ 



(c, d-) !—?► S{c, d)ws 
(c_, d) !—?► wsS{c, d) 
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denote by G° the quotient of the subgroup {Ua | a G $) by its center, and by [/° the canonical 
image of Ua in G° . Unless there exists a G $ orthogonal to all other roots, the canonical homo- 
morphisms Ua U° are isomorphisms. Then (G°, is a reduced RGD system with the 

same associated twin building as (G, {Ua}ae<s>,T), which is called its reduction. 

A Moufang set is a set X containing at least two elements together with a collection of 
root groups {Ux)xex such that each Ux is a subgroup of Sym{X) fixing x and acting sharply 
transitively on X \ {x} and such that each Ux permutes the set {Uy \ y £ X\{a;}} by conjugation. 
The group {Ux \ x G X) generated by the root groups Ux is called the little projective group 
of the Moufang set. An automorphism of a Moufang set M = {X, {Ux)x&x) is a permutation 
of the set X such that the induced inner automorphism of the group Sym(Ar) permutes the set 

{Ux\xe X}. 

Remark 2.16. Moufang sets are closely related to rank one groups; see |DMS09] . [TimOlj . |CR09[ 
Section 2.5]. 

Example 2.17. Consider the F-locally split RGD system 

(^G, {Ua, [/-a}, I I Ai, A2 G F* 

of the matrix group G ~ GL2(F) described in Example 12.21 The building of G arising from this 
RGD system is isomorphic to the projective line X := G/B^; see Examples l2.6ll279ll2.lll For each 
X = gB+ G G/B+ define Ux :== Ru{gB+g-^) = gU+g-^. Then M = {X, {Ux)xex) is a Moufang 
set. Its little projective group is SL2(F). 



3 Flips and quasi-flips 

Let G be a group that acts strongly transitively on a thick twin building and let (_B+ , _B_ , TV) be the 
twin i?A^-pair of G resulting from that action; cf. jAB08[ Corollary 6.79]. Inspired by jBGHSOS] . 
in this article article we study involutive automorphisms of G that map 5+ onto G-conjugates of 

Proposition 3.1. Let G be a group with a saturated twin BN-pair -B-, N, S) of type (W, S), 
let T _B_|_ fl and let 6 be an automorphism of G satisfying 0^ = id such that there exists 
g £ G with 9{Bj^) = gB-g~^ . If the set of chambers fixed by T of the twin building associated to 
G equals the twin apartment containing _B+ and i?_ , then the following hold: 

(1) There exists x € G such that 0{B^) — xB-c,x~^ and 9(x)x G T , where e G {+, — }. 

(2) B induces the automorphism 0x ■ nT i— >■ x~^9(n)xT of the Coxeter system {NT /T, S) = 
{W, S) of order at most 2. 

Let C be the twin building {{G/B^,S-^-), {G/B^,5-),5*) arising from the twin BN-pair of G. 

(3) The map 9 : C ^ C : gBi^ t— > 9{g)xB-i, preserves adjacency and opposition. It furthermore 
satisfies 

(a) 9"^ ~ id and 

(b) 9{gc) - 9{g)9{c) for anygeG,c€ C. 

Remark 3.2. We stress that the map 9 in item (|3]) of the preceding proposition not necessarily 
preserves the types of C. In fact, it preserves types if and only if the automorphism 9x of the 
group NT/T in item ^ is the identity automorphism. 
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Proof. The normalizer Nq (T) acts on the set of chambers fixed by T of the twin building associated 
to G. Since by assumption this set equals the twin apartment containing 5+ and i?_ and since 
N equals the full stabilizer of this twin apartment (as {B-^-, B^, N, S) is saturated, cf. |AB08[ 
Definition 6.84]), the equality N = NdT) holds. 

([1]) By the Birkhoff decomposition, there exist 6+ G _B+, 6_ G <E N such that 6{g)g = 

h+nb-. Then 

%rg-i) = e{g{B+nB^)g-^) 

= e{g)e{B+)e{g-^)f^O{gB^g-') 
= e{g)gB^g-^e{g)-^r^B+ 
= {b+nhJ)B^{b+nh^)-^ r\B+. 

Hence, for x := b^^6{g), we have 

x9{T)x-^ = b^^e{gTg-^)b+ = nB^n-^ nB+>T, 
where the last containment holds because of n G A^. Therefore 

T < xe{T)x~^ < xe{xe{T)x~^)x-'^ ^ xe{x)T{xe{x))-\ 

Accordingly, as T fixes a unique twin apartment, T ~ x9{x)T{x9{x))~^ , i.e., x9{x) G Nc{T). We 
note B+ xe{g)-^b+B+b^^e{g)x-^ = xe{B^)x~^ and, thus, 

B^ r\B+ = T = xe{T)x~^ = xe{B+)x~^ r\xe{B^)x-^ ^ xe{x)B^{xe{x)y^ r\B+. 

Since -B_ is the unique chamber opposite in the twin apartment fixed by T, this means 
xe{x) G 7Vg(B-) = B_ and, in particular, e{x)B^ = x-^B^. Therefore xd{x) G B^nNdT) = T 
and e{B+) = 0{x)B_0{x)-^ = x'^B^x. 

(HD For each x £ X := {x e G \ 6{B+) = xB^x^^ and 0{B^) = a-B+.T~i} the map 9^ : g ^ 
x~^9{g)x preserves T = B+ fl B-. Therefore 6^ W W : nT i— ^ 6x{nT) is an automorphism 
oi W ^ N/T. It does not depend on the choice of x, because for x' G X we have Ox{g) = 
xx'-^e^,{g)x'x-^ with xx'-^ G Ng{B+) f^ Ng{B^) = B+DB^ = T. 

The automorphism 6^ normalizes S, as for each s ~ UgT G 5 C N/T the set := B+ U 
B^risTB^ is mapped by fl^; to B- U B-9x{ns)B-. Therefore positive rank one parabolics are 
mapped to negative rank one parabolics, and Ox acts on S. 

([3]) The map 6 has order at most two, because 6{9{gB^)) = 9{0{g)xB^^) = 0{9{g)x)xB^ = 
g6{x)xB^ = gB^, whence (Pa)) holds. (|3bp is obvious. By item ^ the map 9^ : nT i-> 9x{nT) = 
9x{n)T is an automorphism of the Weyl group W = N/T. We compute 

Se{gB^, hB,) = w B,g-^hB, = B.wB^ 

^ 9{B,)9{g~^h)9{B,) = 9{B,)9{w)9{B,) 

<=^ B^,x-^9{g-^)9{h)xB^, = B.,x-^9{w)xB^, = B^,9x{w)B_, 
<=> 5.e{d{9)xB.,,9{h)xB.,) = 9x{w). 

Similarly we find that S*{gB^,hB^^) = w is equivalent to 5*{9{g)xB^s,9{h)xB^) = 9x{w). □ 

Remark 3.3. If the group G in Proposition 13. II is endowed with a locally split RGD system over 
fields (Kcjag^ satisfying |Kq| > 4 for each a G $, then by |Cap09[ Lemma 4.8] the set of chambers 
fixed by the torus T equals the twin apartment containing i?+ and B- . 

Remark 3.4. Let C = (C+,C_,(5*) be a twin building with a strongly transitive group G of 
automorphisms and let : C — >■ C be a permutation that preserves adjacency and opposition in 
C and satisfies = id and Q{C+) ~ C_. The question whether there is an automorphism 9 of 
G with 9^ = id such that 9{B+) is a G-conjugate of B^ and such that the automorphism 9 from 
Proposition [3JJ[3]) equals 0, can be answered affirmatively, if G is a characteristic subgroup of 
Aut(C); in this case Q induces an automorphism of G. This is for instance the case, if G is the 
group generated by the root groups Ua of a strictly Moufang twin building. 
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In view of the preceding proposition and remark it is natural to study the involutions of G 
and of C discussed above simultaneously. In particular, we will not always formally distinguish 
between 9, 9 and 9^, but instead often denote all of these maps by 6. 

Definition 3.5. Let C = {{C+, 6+), {C-, 5^), 5*) be a twin building of type {W, S) and, if C is 
Moufang, let G be a strongly transitive group of automorphisms of C. Let 9 be either 

• an automorphism of G or 

• a permutation of C+ U C_ . 
The map 9 is called a quasi-flip, if 

• 6*^ = id and 9{B^) is a G-conjugate of resp. 

• 9^ = \d and 9{C+) = C_ and 9 preserves adjacency and opposition of C. 
If 9 flips the distances and preserves the codistance, i.e., 

• if the induced automorphism nT ^ x~^9{n)xT from Proposition I3.1t p|) of the Coxeter 
system (NT/T, S) ^ {W, S) of G is trivial, resp. 

• if for e G {+, — } and for all x,y £ Ce, z E C_e we have 5e{x,y) = 5^^[9{x),9{y)) and 
5*{x,z) = 5*{9{x),9{z)), 

then 9 is called a flip. ■ 

Remark 3.6. Recall from Remark 12.151 that there is a canonical one-to-one correspondence be- 
tween spherical buildings and spherical twin buildings of type {W,S): For a spherical building 
(C,(5), the tuple Ctwin := ((C, 5), (C_, (5*) withC_ := {c_ | c G C} and functions (5_ : C_ xC_ ^ 
W : {c-,d_) ^ wsS{c,d)ws and S* : {C x C_) U (C_ x C) IF : (c,d_) ^ d{c,d)ws,{c-,d) ^ 
wsS{c^d) is a twin building, and any twin building with {C,S) as a positive half is isomorphic to 
this twin building. 

Two chambers c, d G C are opposite (i.e., 6{c, d) = ws) if and only if c and d^ are opposite (i.e., 
(5*(c, d_) = (5(c, d)'ws = Iw) if and only if c_ and d are opposite (i.e., (5*(c_, d) ~ 'wsS{c, d) = In/). 
Therefore, by |AB08[ Exercise 5.164], the involutive (almost) isometrics of spherical buildings 
correspond to the (quasi-)flips of spherical twin buildings. Using the notation introduced above, 
this correspondence is given by (6'isom : C C) i — (6'fiip : Ctwin Ctwin) via 9isom{c) = d 
^flip(c) = <J=> 0flip(c_) = d. Note that 6'isom = Woic°(^fiipic' '^liere proj^;. denotes the projection 
from C_ onto C within the twin building Ctwin- 

Example 3.7. Let V be an n-dimensional vector space over a field F with an automorphism a 
satisfying = id. Let (•,-):I^xy— >-Fbea non-degenerate cr-hermitian sesquilinear form. 
Then the map U Clueu ker(M, •) induces an almost isometry on the spherical building described 
in Example 12.91 In view of Remark l3.6l this yields a quasi-flip (in fact, a flip) of the corresponding 
spherical twin building of type A„_i. For F — ¥q2 and cr 7^ id this flip of the spherical twin 
building of type An-i induces the flip given by transpose-inverse times a of the matrix group 
SL„(Fg2) with respect to a (•, •)-orthonormal basis of V, as studied in jBS04| in order to provide 
an alternative proof of Phan's local recognition theorem |Pha77j of the group SU„ {¥^2 ) . 

Remark 3.8. (1) Let G be a connected isotropic reductive linear algebraic group defined over 
an infinite field F and let G(F) denote the subgroup of F-rational points of G. Then, by 
[BT73[ Proposition 7.2], any abstract automorphism of G(F) maps parabolic F-subgroups to 
parabolic F-subgroups. In particular, any involutive automorphism of G(F) is a quasi-flip. 

(2) By |Ste68b[ p. 132, Corollary] plus Sylow's theorem any involutive automorphism of a finite 
group of Lie type is a quasi-fiip. 
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(3) Let V = {I, A, A, (ci)ig/) be a non-spherical Kac-Moody root datum, let T = {Q, rj) 
be the basis of a Tits functor Q of type V, let F be a field distinct from F2, F3, and 
let G := G{V) be the corresponding Kac-Moody group. By |Cap09[ Theorem 4.1] any 
abstract automorphism of G either preserves or interchanges the two conjugacy classes of 
Borel subgroups of G. In particular, any involutivc automorphism of G that docs not preserve 
a conjugacy class of Borel subgroups is a quasi-flip. 

Example 3.9. Consider the group GL„(F[t, t^^]) discussed in Examples 12.41 and 12.71 Then the 
automorphism 6 : GL„(F[<, t^^]) — !■ GL„(F[t, i^^]) that centralizes GL„(F) and interchanges t and 
is a quasi-flip. 

Remark 3.10. Let C = ((C+, (C_, 5*) be a twin building, let 6* be a quasi-flip of C, and 
let i? be a spherical residue of C^, e G {+,—}. If R and 0{R) are parallel, then the restriction 
d\R[j0[R) is a quasi- flip of the spherical twin building defined on the pair (i?, 0{R)) by the canonical 
(co)restrictions of the distances and the codistance. The corresponding involutivc almost isometry 
of R as described in Remark 13.61 is given by the product proj^ o O^n. 

It will turn out to be useful to know how far a quasi-flip of a twin building moves a chamber. 
This notion is made precise in the following definition: 

Definition 3.11. Let be a quasi- flip of a twin building C. For a chamber c G C, the value 
S^lc) := d*{c,e{c)) eW is called the 0-codistance of c. Moreover, /"(c) := liS^ic)) is called the 
numerical 0-codistance. If there exists a c G C with 5^{c) = Iw G W, then the quasi-flip 6 is 
called a proper quasi-flip or a Phan involution. 

A quasi-flip 9 oi a. group with a i?iV-pair is called proper, if the quasi-flip 6 from Proposition 
I3.1t| 5|) is proper. ■ 

For proper quasi-flips the set of chambers opposite their image under 6 has a rich and interesting 
geometric structure. In order to also capture non-proper quasi-flips, we propose the following 
definition. 

Definition 3.12. Let 6* be a quasi-flip of a Moufang twin building C. A residue i? of C is called 
a Phan residue, if R is opposite 0{R), i.e., for each chamber of R there exists an opposite 
chamber in 9{R), and vice versa. A Phan residue consisting of a single chamber is called a Phan 
chamber. ■ 

Another important class of quasi-flips has first appeared in [DM07j : 

Definition 3.13 (Definition 6.2 of jPMOTj ). Let 6' be a building quasi-flip of a twin building C. 
For any spherical residue R, define the set proj^X^) := {c G i? | projfl(0(c)) = c}, where projj^ 
denotes the projection onto R. If for all panels P of C one has projp(0) ^ P, one calls 9 a strong 
quasi-flip. ■ 

Remark 3.14. A prototypical example of a strong flip is given in 13. 7[ in case a ^ id; see 
Proposition 16.141 below. 



4 0-twisted involutions and minimal Phan residues 

Let 9 he a. quasi-flip of a twin building C, let c G C, and let S^{c) ~ 6*{c,9{c)) = w G W. Then 
w^^ = S*{9{c),c) = 9{w). Such Weyl group elements are called twisted involutions in |Spr84[ 
Section 3] and |HW93l Section 7]; see also |Hul07j . |Hul08j . 

Definition 4.1. Let {W, S) be a Coxetcr system and let 9 be an automorphism of {W, S) of order 
at most two. A ^-tv^risted involution of W is an element w G W satisfying 9{w) = w^^. The 
set of twisted involutions is denoted by Inv^(M^). ■ 

Of course, Inv"^(iy) = Inv(M^) is just the set of elements of W that square to the identity. 
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Lemma 4.2. Let w G Inv {W) he a 9-twisted involution and let s ^ S. Then l{sw) = l{w9{s)). 
Moreover, if l{swO{s)) = l{w), then sw9{s) = w. 

Proof. Since 9 is an automorphism of {W,S), any w € W satisfies l{w) = l{9{w)). Hence l{sw) = 
l{w-^s-^) = l{9{w)s) =l{w9{s)). 

The second statement is a consequence of |Spr84[ Lemma 3.2]: If l{sw) < l{w), then one 
may write w — si ■ ■ ■ with Si G S, l^w) = h, and si = s. Since w is a 0-twisted involution, 

one obtains w = 9{sh) ■ ■ ■ 9{si). The exchange condition imphes sw = 9{sh) ■ ■ • 9{si) ■ ■ ■ 9{si) 
for some i. If i > 1, then l{sw9{s)) < l{w), a contradiction to the hypothesis l{sw9{s)) = 
l{w). Hence i ~ 1 and sw9{s) ~ w. If l(sw) > l^w), then, for w = s\---Sh with Si € S 
and l{w) ~ h, one has sw = s9(sh) ■ ■ ■ 9{si), since is a 0-twisted involution. By hypothesis, 
l{sw9{s)) ~ l{w) < l{sw), so that the exchange condition implies that sw9{s) equals 9{sh) ■ ■ ■ 9{si) 

or s9{sh) ■ ■ • 9{si) ■ ■ ■ 9{si) for some i. Since s'w9{s) is a 0-twisted involution, in the latter case one 
obtains S'w9{s) = si ■ ■ ■ Si ■ ■ ■ Sh9{s), whence l(sw) < l{sw9{s)), again a contradiction. Therefore 
sw9{s) =9{sh)---9{si) ^w. □ 

Proposition 4.3 (Proposition 3.3(a) of |Spr84| ). Let w G Inv^(iy) he a 9-twisted involution. Then 
there exist a 9-stahle spherical suhset I of S and si, . . . , Sh G S such that w ~ si ■ ■ ■ ShWi9{sh) ■ ■ ■ 9{si) 
with l{w) ~ l{wi) + 2h, where wj denotes the longest word of the spherical Coxeter system ((/), /). 

Proof. We prove the claim by induction on l{w) based on the trivial case w = Iw. Let l{w) > 
and assume that the claim is true for all 0- twisted involutions w' with l{w) > l{w'). If there 
exists s G S with l{sw9{s)) ~ /(w) — 2, then by induction there is nothing to show. By Lemma 
14.21 it therefore remains to deal with the situation that each s G S with l{sw) < l{w) satisfies 
sw9{s) = w. By |AB081 Proposition 2.17 and Corollary 2.18] the set / := {s G 5" | l{sw) < l{w)} 
is spherical and each reduced /-word can occur as an initial subword of a reduced decomposition 
of w; in particular l(wiw) = l{w) — {wj). Hence, if there exists s G 5 such that l{wiws) < l{wiw), 
then l{ws) < l{w). In this case Lemma implies l{9{s)w) < l{w), so that 9{s) G /. Therefore 

l{9{s)ws) = l{9{s)wiwiws) < l{9{s)wi) + l{wiws) = l{wi) - 1 + l{wiw) - 1 = l{w) ~ 2, 

a contradiction to 9(s)ws = w. This implies that s £ S with l{wiws) < l{wiw) cannot exist, so 
that wi = w. Finally, the observation 9{w) = = w implies that 9{I) = I. □ 

Remark 4.4. In case 9 = id the above results give information on the structure of conjugacy 
classes of involutions in Coxeter groups; see also |Ric82| . 

We can now draw some conclusions for 0-codistances. 

Lemma 4.5. // two adjacent chambers have the same numerical 9-codistance, then they have the 
same 9-codistance. 

Proof. Let c, c' be s-adjacent chambers, which implies 5^{c') G {^^(c), s5^{c), {c)9{s) , sS^ {c)9{s)} . 
From /^(c) = l^{c') we conclude S^{c') = 6^{c) or 6^{c') = sS^{c)9{s). In the latter case necessarily 
l{sS'^{c)9{s)) = /(<5^c)), so that Lemma |U yields S^{c') = sS'^ic)9{s) 6%c). □ 

The following lemma is useful when trying to determine whether a panel P is parallel to its 
image 9{P). 

Lemma 4.6. Let c he a chamber with 9-codistance w S^{c) and let s G S*. 

(1) If l{sw9{s)) — l{w) — 2, then each chamber in Pa{c)\{c} has 9-codistance sw9{s). Moreover, 
W0]p^(c){^{Ps{c))) {c} and proj(,(p^(^))(P,(c)) = {9{c)}. 

(2) Ifl{sw9{s)) =l{w), then the panels Ps{c) and 9{Ps{c)) are parallel. Moreover, pro] p^f^^.-^ {9(c)) = 
c if and only if l(sw) < l(w). 

(3) If l{sw9{s)) = l{w) + 2, then there exists a unique chamber d G Ps{c) with 6^{d) = sw9{s). 
Moreover, projp^(c)(6'(Ps(c))) = {d} and proje(p^(c))(Ps(c)) = {9id)}. 
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In particular, Ps{c) is parallel to 9{Ps{c)) if and only ifl{w) = l{sw6{s)) if and only if w ~ swO^s). 

Proof (dD Let d e Ps{c) \ {c}. Since l{swe{s)) ^ l{w) - 2, one has l{sw) = l{w9{s)) = l{w) ~ 1, 
and the twin building axioms first imply S*{c,6{d)) ~ w9{s) and then 5*{d,9{d)) = sw6{s). The 
second claim follows from l{S*{c,e{d))) = l{w0{s)) > l{swe{s)) = l{S*{d,0{d))). 

^ Assume by way of contradiction that the panels Ps{c) and d{Ps{c)) are not parallel. If 
projp^(^)(6'(Fs(c))) = {c}, then for each d G P^(c) \ {c} one has l{6*id,e{c))) < 1{S* {c,0{c))) 
and, thus, 6*{d,9{c)) = sw. Application of 9 implies Wo!\g(p^(c)){Ps{c)) = {0(c)}, so that 
l{d*{d,9{d))) < l{S*{d,9{c))) and, necessarily, 5*{d,0{d))) = sw9{s), a contradiction to /(sw)0(s)) = 
llw). Ifprojp^(^)(6l(P^(c))) = {x} ^ {c}, then l{S*{x,9{c))) > l{S*{c,e{c))) and, thus, S*{x,9{c)) = 
sw. Apphcation of 9 implies projg(p^(c))(Ps(c)) = {9{x)} ^ {^(c)} and therefore l{i* {x,9{x))) > 
l{d*{x,9{c))), whence 6*{x,9{x))) — sw9{s), another contradiction. The second claim follows by 
similar arguments. 

^ Let d :— projp^(-^-)(0(c)). Since l{sw) > l{w), necessarily d ^ c. Since l{sw9{s)) > l{sw), 
moreover projg(p^(j.')-)((i) ^ 9{c). Hence projgj-p^j-^)) : Ps{c) — !> 9{Ps{c)) is not surjective, so that 
9(d) = projg(p^('j,))(c) implies 9(d) ~ projg(-p^(-^j^(c?). Therefore the claim follows from item (HJ. 

Items ([Ij-© imply the first equivalence of the final statement. The second equivalence follows 
from Lemma [4.21 □ 

Lemma 4.7. Let 9 be a strong quasi-flip and let c be a chamber with 9-codistance w. If there 
exists s £ S with l(sw) < l(w), then there is a chamber d with l^(d) < l^(c) that is s-adjacent to 
c. In particular, strong quasi-flips are proper. 

Proof. For w = Iw there is nothing to show. Otherwise, there exists s £ S such that l(sw) < l(w). 
Lemma HTSlf Tj) implies projp (•^•)(0(c)) = c for the s-panel Ps(c) containing c. As 9 is strong, there 
exists a chamber d e Ps(c) with pioip^(^^^(9(d)) ^ d. Hence l^(d^ < l^(c), so that by induction 
there exists a Phan chamber. □ 

The following is a 0-twistcd variation of a well-known result. 

Lemma 4.8. Let r € W be a 9-twisted involution and let w G W such that l(w~^r9(w)) = 
l(r) - 2l(w). 

(1) Ifc,de Ce with 5^(c) ^ r and 5^(c,d) = w, then S^(d) = w~^r9(w). 

(2) If d £ Ce with 5^ (d) = w^^r9(w), then there exists a unique chamber c with 5^(c, d) = w and 
5%c)^r. 

In either case, the convex hull of d and 9(d) contains c and 9(c). 

Proof. One may write w — si ■ ■ ■ Sh with Si £ S and l(w) ~ h. 

((T|) Let (c ~ Co '^si ci ■ ■ ■ c„ = d) be a minimal gallery from c to d. By hypothesis 
Z(sir) = l(r) — 1 = l(r9(si)), whence Lemma HTBlf Tj) implies 5^(ci) = sir9(si). An iteration of this 
argument yields (d) = (s/i • • ■ si)r9(si ■ ■ ■ s^) — w^^r9(w). 

(21) We prove this claim by an induction on h. Since for h ~ there is nothing to show, let 
h > and assume the claim holds for each w' £ W with l(w) > l(w'). By Lemma [4.61 [5)) there 
exists a unique chamber d' £ Pg^ (d) with 5^(d') = ShW^^r9(w)9(sh) = (s/i-i • • • si)r9(si ■ ■ ■ Sh-i), 
and the claim follows from the induction hypothesis. 

The final statement is an immediate consequence of ([2|). □ 

Wc now apply our findings to study Phan residues which are minimal with respect to inclusion. 

Proposition 4.9. (1) If c £0^ and I ^ S with S^(c) £ Wj, then for each / C J C 5 the residue 
R.j(c) is a Phan residue. 

(2) If R is a Phan residue of type I , then the image of the restriction of the 9-codistance to R 
is contained in Wj. Moreover, if Ri and i?2 are Phan residues with non-empty intersection, 
then Ri n i?2 *s also a Phan residue. 
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(3) If R is a minimal Phan residue of type I , then I is spherical and the restriction of the 
0-codistance to R is constant with value wi, the longest element ofWj. 

Proof, (dl) If c? is any chamber satisfying S^ic, d) = 6^{c) G Wi, then it is contained in Rj{c) and 
we deduce from |AB081 Lemma 5.140(1)] that 

r(c,0(d)) <5*(c,0(c))(5_a%),^(d)) =r(c,0(c))0((5,(c,d)) =r(c,0(c))0(r(c,%))) - 

Apphcation of 6 yields S*{9{c), d) = Iw and hence R,j{c) is a Phan residue. 

([2]) Let c £ R C Ce- Since i? is a Phan residue, by definition there exists 9{d) £ 0{R) opposite 
c. Another application of |AB08[ Lemma 5.140(1)] yields 

^»(c) = s*{c,e{c)) < s*{c,e{d))S^,{e{d),e{c)) = s^,{e{d),e{c)) e Wi. 

Therefore, if c G i?i fl i?2 ^ and Ii and I2 are the types of i?i and R2, respectively, then 
S^{c) G Wj^nh- Hence Ri (1 R2 ~ Rj^nhi^) is a Phan residue by 

([3]) Let Q C Ce be a Phan residue of type J and let c € Q. By Proposition 14.31 and Lemma l478l 
there exist a spherical subset / of S, an element w' G W with w' < S^{c) in the Bruhat order, and 
a chamber c' G satisfying Se{c, c') = w' and 6^{c') = wj. Since S^{c) G Wj by the element 
w' < S^{c) is contained in Wj as well. Hence c' G Q. The residue Ri{c') Q Q is spherical and by 
dD) it is a Phan residue, because 5^{c') ^ wj & Wj. Hence each Phan residue contains a spherical 
Phan residue, so that minimal Phan residues are spherical. 

It remains to show that the 0-codistance is constant on Rj[c'), if Ri{c') is a minimal Phan 
residue. For d G Ri{c'), Proposition 14.31 and Lemma [4.81 imply the existence of a spherical subset 
/' of / and a chamber d' G Ri{c') such that d^{d') = wr < d^{d) < wi. By ^ the residue 
Ri'{d') C Rj{c') is a Phan residue. Minimality of Ri{c') implies Rji{d') = Rj{c'), whence /' = /. 
Therefore the claim follows from wj < 6^{d) < wj. □ 

5 Structure of flip-flop systems 

Let C = ((C+,(5+), (C_, (5_), (5*) be a twin building of type [W, S) and let be a quasi-flip of C. 
One of our goals in this section is to determine under which assumptions on C and 6 the minimal 
Phan residues of C arc of some constant type K d S; li that happens, then the pair (C, 9) is 
called homogeneous or, more precisely, it-homogeneous. By Proposition I4.9t |5|) that type K 
is necessarily spherical. Moreover, the numerical 0-codistance function reaches a local minimum 
at the chambers of a minimal Phan residue. 

The second main object of study in this section, the flip-flop system, consists of all chambers 
on which the numerical 0-codistance function is at a global minimum in the following sense: 

Definition 5.1. Let be a ciuasi-flip of a twin building C = {{C+,5+), (C_, (5_), (5*) and let R 
be a residue of Ce, e G {+, — }. The minimal numerical 0-codistance of R is defined as 
miucei? l^{c) = minced l{c,6{c)). 

Furthermore, the induced flip-flop system R^ on R associated to is the sub-chamber 
system R^ := {c € R \ l^{c) = miudeR l^id)} of with the induced adjacency relations. For 
R = the chamber system := C| is called the flip-flop system on C associated to 0. ■ 

Example 5.2. Consider the flip given by transpose-inverse times field involution of the ma- 
trix group SL„(Fq2) discussed in Example 13.71 and let (C,{^si)i) be the building of type An-i 
described in Example 12.91 modelled on an n-dimensional Fg2 -vector space V, endowed with the 
non-degenerate hermitian form (•, •) induced by 0. Then the set of chambers of the flip-flop system 
equals {(Vi, Vn-i) G C | Vi is (•, •)-nondegenerate for each 1 < i < n ~ 1 }. 

Remark 5.3. The connectedness properties of the set R^ introduced in the preceding definition 
play a crucial role in the main result of |DM071 Section 6], where it is called Ag{R). 

Example 5.4. By [BS04| the flip-flop system described in Example 15.21 is connected, if n > 3 
and q > 3, and simply connected, if n > 4 and g > 4. 
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Remark 5.5. Note that Proposition 14.31 and Lemma [4.81 imply that each element of the flip-flop 
system is contained in a minimal Phan residue. Therefore C is a subset of the union of 
all minimal Phan residues of C^. Moreover, if is a homogeneous quasi-flip, then C equals 
the union of all minimal Phan residues of by Proposition 14. 9t[ 51). 

The following property allows us to measure from where the flip-flop system can be reached 
by using the strategy of local descent. 

Definition 5.6. Let i? be a residue of C For X C R the residue R admits direct descent from 
X into , if for each chamber c € X there exists a gallery in R from c to some chamber in R^ 
with the property that strictly decreases along the gallery. If R admits direct descent from R 
into R^ , then one also says that R admits direct descent into . ■ 

Lemma 5.7. Let 6 be a quasi-flip of a twin building C, let R be a rank two residue that admits 
direct descent into a connected R^ , and let {cq,ci,C2) C R be a gallery satisfying l^{co) < l^{ci) 
and l^{ci) > l^{c2). Then there exists a gallery 7 C from cq to C2 such that l^{ci) > l^id) for 
all d £ J \ {02} (see Figure\T\). 




Figure 1: A peak and a short plateau with bypasses in the 6'-codistance of a gallery. Higher 
numerical 0-codistance is reflected by chambers being depicted farther upwards. 



Proof. By hypothesis there exists a gallery 70 ^ i? from cq to some chamber Cg G R^ such that 
l^ strictly decreases along that gallery. In particular, l^{d) < l^{co) < l^{ci) for each d G 70. 
Likewise wc find a gallery 72 G i? from C2 to some chamber C2 G R^ on which l^ strictly decreases. 
Hence, l^{d) < l^{c2) < l^{ci) for all d G 72\{c2}- Since R^ is connected by hypothesis, there 
exists a gallery 71 in R^ from c'q to C2. As ci ^ R^ by hypothesis, we conclude that 7 = 7o7i72^^ 
is a gallery as required. □ 

Repeated application of Lemma ISJl yields the following structure result. (Recall the concept 
of inherited connectedness introduced in the part on chamber systems of Section (3]) 

Proposition 5.8. Let 6 be a quasi-flip of a twin building C such that each rank two residue R 
admits direct descent into a connected R^ . Then the following hold: 

(1) Each residue Q of Cg admits direct descent into . Moreover, inherits connectedness 
from Q and, in particular, is connected. 

(2) The pair (C, 6) is homogeneous and inherits connectedness from C^. 

Proof. (P) Let c G Q, let d e , and let 7 = (c = cq, ci, . . . , c„ = d) C Q be a gallery from c to 
d. Define m := max{^^(a::) | x G 7} and X^ := {x G 7 | l^{x) = to}. 

If c ~ Cq ^ Xry, let i be minimal with the property that Cj G X^ and consider the gallery 
(ci_i, Ci, Ci+i). Lemma 15.71 implies the existence of a gallery 7 C Q from Ci_i to such 
that 70 X^ C {ci+i}. Substituting 7 for the subgallery (ci_i, q, q+i) in 7 hence decreases the 
cardinality of X^ . Therefore induction on the cardinality of X^ yields a gallery 7' C Q from c to 
d satisfying max{^^(a;) | x G 7'} < to. By an induction on to wc can transform 7' into a gallery 
7" C Q from c to d with c = cq G X^i> . 

Therefore we may assume that c G X^, which implies that all chambers in 7 have numerical 
6'-codistance at most l^{c). In particular, if c G Q^, then 7 C Q^, so that we have shown that 
inherits connectedness from Q. In order to establish direct descent we now proceed by an induction 
on ^^(c), for which the case c G Q^, which is equivalent to l^{c) = l^{d), serves as a basis. Let 
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l^{c) > l^[d) and assume that, for X := {x € Q \ l^{x) < l^{c)}, the residue Q admits direct 
descent from X into Q^. As l^{c) > l^{d), the chamber c„ = c? is not contained in X~^, so that 
there exists a minimal i such that c; e X^ and Ci+i ^ X^. If i > 0, we can apply Lemma 15.71 to the 
gallery (q+i, Ci, Ci_i) to obtain a gallery 7 from Ci_|-i to Ci_i which satisfies Z^(a;) < l^{ci) = l^{co) 
for all X S 7\{ci_i}. Therefore induction on i yields a gallery 7' in which l'^{co) > /^(ci). bmce 
ci G X, statement ([T|) follows. 

(El) By (dl) the chamber system inherits connectedness from C^. Hence is connected and so, 
by Lemma [475I the 0-codistancc on is constant and equal to some w S W. By Proposition 14.31 
there exists a spherical K C S such that w = wk, the longest word of {{K),K). 

If R is an arbitrary minimal Phan residue of type /, then, by Proposition l4.9t[5|) . / is spherical 
and the 0-codistance on R is constant and equal to wj. Since admits direct descent from R to 

by (HI) and since for each w' £ W the fact w' < wj implies w' € Wj , each path descending from 
any c E R into C" is fully contained in R. Therefore R C and I ~ K. □ 

This proposition turns out to be a very useful tool thanks to the following result on involutions 
of Moufang polygons. For the definition of unique 2-divisibility we refer to Definition 16.81 

Theorem 5.9 (Horn, Van Maldcghem) . Let {W,S) be a Coxeter system of rank two, let $ be 
its root system, let C be a Moufang polygon of type (W, S) with uniquely 2-divisible root groups 
{Ua}aG<s>> O'lT'd let 9 be an involutive permutation of C that preserves adjacency and opposition. 
If 

• C is split and for each q G $ one has \Ua\ > 5, or 

• C is finite and for each a G $ one has \Ua\ > 5, 

then C admits direct descent into a connected . 

In the case that C is a projective plane or a classical quadrangle this theorem follows from 
}Hor08[ Theorem 4.7.1]. The general situation has been proved by Hcndrik Van Maldeghem and 
the second author, and will become publicly available in the near future. 

Example 5.10. Let V = F^" endowed with an alternating bilinear form (•, •). Then, as in 
Example 13. 7[ the map F{V) — > P{V) : U i— P|^gj^ker(w, •) is a fiip. However, unlike the situation 
of Example 13. 7[ this fiip is {si, S3, ... , S2n-i}-fiomogenous rather than 0-homogcneous. 

A'- homogeneity of allows one to factor out minimal Phan residues by passing to its /-C- residue 
chamber system (cf. the part on chamber systems in Section [5]). 

Proposition 5.11. Let C be a twin building and let 6 be a quasi-flip of C. If {C,9) is K- 
homogeneous and if inherits connectedness from C^, then the K -residue chamber system 
is residually connected. 

Proof. Let / = S\K denote the type set of C^. Let J ^ I and, for each j G J, let Rj be a residue 
of of type i.e., a residue of of type ^Vj:;'}. We have to prove that Rj := Rj is 

non-empty and connected. For each j in J define Rj to be the unique (S'\{j})-residuc of which 
contains Rj. Each of the Rj is a Phan residue by Proposition l4.9tf T|). because it contains a K- 
residue in of a chamber in . Since is residually connected, the intersection Rj := Plje,/ Rj 
is non-empty and connected. By Proposition I4.9t p|) this intersection Rj is a Phan residue, which 
therefore contains a minimal Phan residue of type K. Thus, by Remark 15.51 the intersection 
'Rj r^C'^ = (rijGJ-^j) n = flj-GJ-^i = I^J non-empty. For c,d e Rj C Rj there exists 
an (/ \ J)-gallery in from c to d. As inherits connectedness from C^, there also exists an 
(/ \ J)-gallery in from c to d, whence Rj is connected. □ 

If K = 0, then Proposition 15.111 states that itself is residually connected. 
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Remark 5.12. By Lemma HTTl a strong quasi-flip is 0-hoinogeneous and each residue admits direct 
descent regardless of the structure of C. As a consequence the local-to- global connectivity and 
homogeneity result presented here for arbitrary quasi-flips — albeit with some restrictions to C — 
can be considered a variation and generalization of the connectivity result jDM07[ Proposition 6.6]. 
A generalization of the simple connectivity result in |DM07| to non-strong quasi-flips, however, 
seems hard. 

6 0-stability and double coset decompositions 

Let C be a Moufang twin building and let G be a strongly transitive group of automorphisms 
of C. The Birkhoff decomposition yields a natural isomorphism of orbit spaces B^\G/B+ = W . 
Geometrically, this decomposition follows from the fact that (1) the building G/B+ is covered 
by the positive halves of the twin apartments containing i?_ and (2) the group G acts strongly 
transitively on C. In this section we give a parametrization of the orbit space Gg\G/B^ where 
is a quasi-flip of C, based on the observation that under some mild condition each chamber c is 
contained in a 0-stable twin apartment of C. 

The condition we impose is that 9 locally fixes opposite chambers in the following sense: 

Definition 6.1. (1) An involutive almost isometry 6* of a spherical building C (cf. Remark 1 3. 6 p 
is said to fix opposite chambers, if each 6'-fixed chamber of C admits an opposite 0-fixed 
chamber. 

(2) A quasi-flip of a twin building C is said to locally fix opposite chambers, if for each 
spherical residue RoiC that is parallel to 9{R) and whose type set consists of a single 0-orbit 
the involutive almost isometry proj^ o (cf. Remark l3.10p fixes opposite chambers. ■ 

Remark 6.2. Clearly, the residues R in item ([2]) of the preceding definition have rank one or two. 

The following observation is a variation on a classical theme, cf. |Miih94| . 

Proposition 6.3. Let (G, {[/ajae*, T) be a spherical ROD system, letC be the associated spherical 
building, and let be a quasi- flip of G that locally fixes opposite chambers of C. If 9 fixes a chamber 
c of C, then there exists a 9- fixed chamber of C opposite c. 

Proof. By Proposition 13. lt[ 2|) the quasi- fiip 9 induces an automorphism of {W, S) of order at most 
2. Denote by S the set of 6'-orbits in S. By hypothesis for each I £ S the residue Ri{c) contains 
a chamber c/ fixed by 9 and opposite c in that residue. Again by hypothesis for each I' £ S the 
residue Rjiici) contains a chamber cjji fixed by 9 and opposite c/ in that residue. By |Ste68a[ 
1.32] the longest word ws of W equals a word in the longest words wj £ {!), I £ S. Therefore 
the claim follows by induction. □ 

We now prove that the twin building C can be covered with 9-stah\e twin apartments. 

Proposition 6.4. Let (G, {C/ctlag^, T) be an RGD system, let C be the associated twin building, 
and let 9 be a quasi- flip of G that locally fixes opposite chambers of C . Then any chamber c is 
contained in a 9-stable twin apartment. 

Proof. By Proposition 14.31 and Lemma 14.81 there exist a 0-stable spherical subset / of S* and a 
chamber d £ such that 5^{d) = wi and the convex hull of d and 9{d) contains c and 9(c). 
By Proposition 14. 9P ]) the residue Ri{d) is a spherical Phan residue. In particular, Ri{d) and 
Ri{9(d)) are parallel. Therefore the product wojji^(^d) ° ^\B.i(d) is an involutive almost isometry 
of the spherical building Ri{d); cf. Remark 13.101 Since proj^^^^^^ o 9\iij(^d) fixes the chamber d, 
Proposition [63] implies the existence of a proj^^.^,;) o ^i^^j^jj-fixed d' £ Ri{d) opposite d in Ri{d). 
The chambers d, 9{d), d' , 9{d') are contained in a unique twin apartment, which by construction 
is 0-stable. Since c and 9{c) lie in the convex hull of d and 9{d), the claim follows. □ 
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Lemma 6.5 (Adaption of |HW93[ Lemma 2.4, Part 2]). Let 9 be a quasi-flip of an RGD system 
(G, {L^alagcj), T) and let S' be 9-stable twin apartments in the associated twin building with 
non-empty intersection. Then there exists g 6 StabGg(I] n E') such that gY, = S'. 

Proof. Let c e SnS'. Since 9 stabilizes S and E', we have 9{c) G EnS'. By jABOSi Corollary 8.32] 
the unipotent radical U of the Borel subgroup B that stabilizes c acts sharply transitively on the 
set of twin apartments containing c. Hence there exists u G U satisfying E' = uE. As u acts 
as a building automorphism that fixes c, it fixes each chamber in S n S'; in particular it fixes 
9{c). Therefore 9{u) fixes c by Proposition I3.1t[ 51). whence 9{u) G U. As E, E' are 6'-stable, 
uT, = E' = 0(E') = 9{uY,) = 6'(u)E. Sharp transitivity of the action oi U 3 u,9{u) on the set of 
twin apartments containing c ( |AB08[ Corollary 8.32]) implies u = 9{u) G Gg. □ 

Inspired by |Ros79) . jMat79j . |Spr84| , [HW93j we arrive at our desired double coset decompo- 
sition. 

Proposition 6.6 (Adaption of |HW93[ Proposition 6.10]). Let {G,{Ua}ce-i-,T) be an RGD sys- 
tem, let C be the associated twin building, let 9 be a quasi- flip of G that locally fixes opposite 
chambers of C, and let {E^ \ i £ 1} be a set of representatives of the Gg-conjugacy classes of 
9-stable twin apartments. If B is a Borel subgroup of G, then 

Gg\G/B = U W^G«(S^)WG(S^), 

where Wx(E,) Stabx(E,)/ Fixx(EO. 

Proof. By Proposition 16.41 to any pair c, c' of Gg-conjugate chambers there exist Gg-conjugate 
0-stable twin apartments E 3 c, E' 9 c'. Since by Lemma [631 intersecting 0-stable apartments are 
Gg-conjugate, every chamber lies in a unique Gg-orbit of 0-stable apartments, represented by some 
Ei. Therefore the orbit space Gg\G/B can be parametrized by the E^ and the Stabc^ (Ei)-orbits on 
the chambers in each E^. The latter in turn are parametrized by Wg(Si) = StabG(Ei)/ FixG(Ei), 
so that the action of StabG£,(Ei) on StabG(Ei)/ FixG(Ei) yields the desired decomposition. □ 

|HW93[ Remark 6.11] yields an alternative parameterization of this double coset space. 

Proposition 6.7 (Adaption of |HW93[ Proposition 6.8]). Let (G, T) be an RGD system, 

letC be the associated twin building, and let 9 be a quasi- flip of G that locally fixes opposite chambers 
ofC. If B is a Borel subgroup of G stabilizing some chamber c and E is a 9-stable twin apartment 
containing c, then 

G/B = {.gFixG(E) | g-'9{g) G StabG(E)}. 

In particular, 

G = GeVB, 

for any set V ofGg x FixG(E)-or6it representatives on {g G G | g^^9{g) G StabG(E)}. 

Proof. Let h G G and let E' be a 0-stable twin apartment containing h.c. By strong transitivity, 
there exists g <E G satisfying E' = g.E and h.c = g.c. The latter implies hB = gB, whence h and g 
are representing identical cosets. Then 9{g.J^) = 9{g).'S = g.E, i.e., g^^9{g) G StabG(E). Since g 
is unique up to right translation by FixG(E), we obtain {5FixG(E) | g^^9{g) G StabG(E)} = G/B 
via 5FixG(E) M> gB. □ 

Uniquely 2-divisible root groups 

One key property that ensures that a quasi-flip locally fixes opposite chambers is that the root 
groups be uniquely 2-divisible, see Propositions 16.101 and 16.121 This can be considered as a gen- 
eralization of the concept that the defining characteristic of an algebraic group or a Kac-Moody 
group be distinct from two; see also Remark l6Jl 
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Definition 6.8. A group G is called 2-divisible, if for each g & G there exists h G G satisfying 
= g. If h is unique with that property, we call G uniquely 2-divisible. ■ 

Remark 6.9. Let G be a connected isotropic reductive linear algebraic group defined over an 
infinite field F and let G(F) be the subgroup of F-rational points of G. The root groups of G(F) 
are uniquely 2-divisible if and only if charF ^ 2, because they are isomorphic to extensions of 
F-vector spaces by F-vector spaces; see |BT73[ proof of Theorem 8.1], |Ste73[ Definition 3.4]. 

Proposition 6.10. Let M — (X, {Ux)xgx) be a Moufang set. If the root groups Ux are uniquely 
2-divisible, then an involutive automorphism o/M fixing a point necessarily fixes a second point. 

Proof. Let (jj be an involutive automorphism of M which fixes the point oo. Let a € X\{oo}. 
If (j){a) = a, then there is nothing to show, so we may assume a ^ (/'(a). Since Uoc acts simply 
transitively on X \ {oo}, there exists a unique g £ Ucx> such that g.a = 4>{a). By 2-divisibility 
there exists an /i G Uoa such that = g. We claim that h.a is a fixed point. Indeed, g.a = 
(/>(a) = (j)g~^(j>.a. = {g^^)'^.a. Since Uoo acts simply transitively, we therefore have g'^ = g^^- 
Since, moreover, Uoo is uniquely 2-divisible, this implies h'^ = h^^. Hence <j>{h.a) — h'^.(j){a) = 
h'^'g.a = h-^h'^.a = h.a. □ 

Remark 6.11. Inspection of the explicit list of all Moufang polygons, i.e., Moufang buildings of 
rank two, presented in |TW02[ Chapter 16] implies that for a Moufang set M = {X, {Ux)x£x) that 
can be embedded into a Moufang polygon the root groups Ux are uniquely 2-divisible if and only 
if they are 2-torsion free. Therefore, whenever it makes sense to assign a characteristic to such a 
Moufang set, unique 2-divisibility is equivalent to the defining characteristic being distinct from 
two. 

Proposition 6.12. Let [G, {Ua}ai£ts>,T) be an irreducible spherical ROD system of rank two, let 
C be the associated Moufang polygon, and let 9 be an involutive almost isometry of C which fixes 
some chamber c. If the root groups Ua are uniquely 2-divisible, then there exists a 6-fixed chamber 
of C opposite c. 

Proof. Let S = {s, t} and let n be the diameter of the Moufang polygon C. If 9 is type-preserving, 
then the claim holds by the proof of Proposition 16.31 Therefore we may assume that 9{s) = t. 
Let TO := [^^] , let (c = cq, . . . , Cm) be a minimal gallery of length to, and consider the 0-stable 
minimal gallery (9{cm), . . . , c, . . . , Cm) of length 2to. If n is even, then 2to = n and the chambers 
Cm and 9{cm) are opposite. Hence Cm and 9{cm) are contained in a unique apartment, which for 
that reason is 6'-stable and contains c. (See Figure [2al) If n is odd, then there exists i G {s,t} 
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such that Pi{c„i) is opposite 6{Pi{cm))- The product projp.^^ is an automorphism of the 
Moufang set Pi{cm), which fixes Cm-i- Hence by Proposition 16.101 there is a second chamber 
Cm+i 6 Pi{cm) fixed by projp^^^^-) 06*, resuhing in a 6'-stablc gallery (6'(c,„+i), . . . , c, . . . , Cm+i) of 
length 2m + 2 = n + 1. Hence Cm+i is opposite to 9{c,n) and the projection of Cm+i onto 0{Pi{cm)) 
equals 9{cm+i)- (See Figure [2bl ) Again, we obtain a 0-stable apartment containing c. Since c is 
0-fixed, necessarily the unique chamber opposite c in that ^-stable apartment has to be 0-fixed as 
weU. □ 



Semi-linear flips 

Definition 6.13. Let T) = {I, A, A, {ci)i^i) be a Kac-Moody root datum, let F — {Q^ {(t)i)i^i ,7]) 
be the basis of a Tits functor Q of type V, let F be a field, and let G := Q{¥) be the corresponding 
split Kac-Moody group over F. A flip of G is called a linear or, for emphasis, an F-linear flip 
of G, if 

• |F| > 4 and 9 is an involutive F-automorphism of G (i.e., the field automorphisms Q in the 
decomposition of 9 given in |Cap09[ Theorem 4.1] are trivial), or 

• F G {F2,F3} and 6* is a conjugate of the Chevallcy involution. 

An F-semi-linear fiip of G is an F-linear flip of G composed with a non-trivial fleld involution of 
F. ■ 

Proposition 6.14. Let G be a split Kac-Moody group over F and let 9 be an ¥ -semi-linear flip 
of G. Then 9 is strong and locally fixes opposite chambers. 

Proof. Let C be the twin building corresponding to G, let P be a panel of C which is parallel to 
9{P), let Gp = (P)SL2(F) be the rank one subgroup of G corresponding to the pair P, 9{P), and 
let a be the non-trivial field automorphism of F involved in 9. The theory of flips of (P)SL2(F) 
as developed in |DMGHd9l Section 4] implies the existence of a two-dimensional non-degenerate 
CT-hermitian sesquilinear form (on the natural module of SL2(F)) whose isotropic one-dimensional 
subspaces are in one-to-one correspondence to the projp o 0|p-fixed chambers of P; cf. Remark 
13.101 Therefore the fact that 9 locally fixes opposite chambers follows from the fact that a two- 
dimensional non-degenerate isotropic cr-hermitian sesquilinear form with exactly one isotropic 
one-dimensional subspace does not exist for a ^ id. The fact that 9 is strong follows from 
Lemma I4.6t( 2|) and the observation that a two-dimensional non-degenerate isotropic a-hermitian 
sesquilinear form without anisotropic one-dimensional subspaces does not exist for cr 7^ id. □ 



7 Applications 

7.1 Double coset decompositions 

Here we record a double coset decomposition which allows us to simultaneously generalize |HW93i 
Proposition 6.10] and |KW92[ Proposition 5.15]. 

Theorem 7.1. Let (G, {C/alag^, T) be an ROD system, let C be the associated twin building, 
let 9 be a quasi-flip of G, let B be a Borel subgroup of G, let Gg be the subgroup of G of 9-fixed 
elements, and let {Si \ i £ L} be a set of representatives of the Gg-conjugacy classes of9-stable twin 
apartments ofC. If the root groups are uniquely 2-divisible or if G is split algebraic/Kac-Moody 
and 9 is a semi-linear flip, then 

Gg\G/B = U WG,{^^)\WG{^^), 

where Wx{.^^) := Stabx(S,)/Fixx(Sz). 
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Proof. This is a combination of Propositions l6.4l and l6.6l and the discussions on uniquely 2-divisible 
root groups and semi-hnear flips in Section [6] □ 

Corollary 7.2. Let G be a connected isotropic reductive algebraic group defined over an infinite 
field ¥, let 6 be an abstract involutive automorphism of G{¥), let {Ai | i G /} be a set of represen- 
tatives of the Gg{¥)-conjugacy classes of 6 -stable maximal ¥-split tori in G, and let P a minimal 
parabolic ¥ -subgroup. If the characteristic of ¥ is distinct from two, then 

Gg{¥)\G{¥)/P{¥) = y Wg,(w){A,)\Wg(wM,). 

Proof. This follows from Theorem O plus Remarks ICTTI □ 

Corollary 7.3. Let G he a split or quasi-split Kac-Moody group defined over a field ¥, let 9 be 
an involutive automorphism of G interchanging the two conjugacy classes of Borel subgroups of 
G, let {Ai I i e /} be a set of representatives of the Gg-conjugacy classes of 6 -stable G-conjugates 
of the fundamental torus of G, and let B be a Borel subgroup of G. If the characteristic of ¥ is 
distinct from two, then 

Ge\G/B-\JWG,{A,)\WG{A,). 

Proof. This follows from Theorem 17.11 plus Remark 12.31 □ 

Returning once more to a geometric point of view we now generalize the concept of the flip-flop 
system introduced in Definition 15.11 

Definition 7.4. For w € W define := {c e C+ \ 5\c) = w}, where S^{c) = S*{c,e{c)) as in 
13.111 Denote the set of all 0-eodistances by 

Inv^(C) -.^ {w eW \ there exists c G C sueh that S^{c) = w}. ■ 

Clearly, Inv''(C) C Inv''(M^), cf. Definition SHJ 

Definition 7.5. To every quasi-flip 6* of a group G, define the twist map 

Te:G^G:g^^ e{g-^)g. 

The 0-twisted action of G on itself is given hy y *g g := 9{g)^^yg. Its orbits are called the 
0-twisted G-orbits. Any subgroup H < G acts by 0-twisted action on G and gives rise to 
0-twisted i?-orbits. ■ 



The following lemma is inspired by the coeompaetness proof of |GW[ Theorem 7.1]. 

Lemma 7.6. Let 9 be a quasi-flip of an ROD system (G, {Ua\ae<i>,T) and let C be the associated 
twin building. If each chamber of C is contained in a 9-stable twin apartment, then, for each 
w € Inv^(C), there exists a € G such that there is a one-to-one correspondence between the Gg- 
orbits of Cf^, and the 9-twisted aTa~^-orbits of Tg{G) H aTa~^. In particular, if T is finite, there 
are only finitely many Gg -orbits on every C^. 

Proof. Let w G Inv^(C) and c G C,^. By assumption there exists a 0-stable twin apartment E 
containing c. The stabilizer T' := StabG(c, S) is conjugate to T, i.e., there exists a G G with 
T' = aTa~^. Strong transitivity of G implies that to any pair (c',E'), where c' G Cf„ and 
E' 9 c' is a 0-stable twin apartment, there exists g £ G such that (g.c, = (c',E'). One 
computes 5*{c',9{c')) = w = 5*{c,e{c)) = 6*{g.c,g.9{c)) = 5*{c' ,g.9{c)). Since 9{Y.) = E, one has 
g.9{c) G E'. As there is a unique chamber in E' at any given codistance from c', one concludes 
that g.9ic) = 9{c'). Moreover, Tg{g).c = 9{g-^)g.c = 9{g~^).c' = 9{g-\9{c')) = 9{9{c)) = c and, 
similarly, Tg{g).9{c) = 9{c) and Tg{g).Y. = E. Therefore, Tg{g) G T' . 
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By Lemma 16.51 the chambers c and c' are in the same Gg-orbit if and only if (c, E) and 
(c'j S') = (7.(c, E) are in the same Gg-orbit. The latter is the case if and only if there exists h £ Ge 
with h.{c, E) = g.(c, S). As T' = StabG(c, E), this holds if and only if h~^g £ T' or, equivalently, 
if and only if there exists x £T' such that h — gx. Since /i S Ge, by an application of Tg this is 
equivalent to 1 = Tg{gx) = Te{g) *g x. 

Hence c and c' are in the same G^-orbit of Cf, if and only if Te{g) is in the same 0-twisted 
aTa- i-orbit of Tg{G) n aTa-^ as 1. □ 

In the proof of |GW[ Theorem 7.1], which deals with the situation that G is an Fq2-locally split 
Kac-Moody group and d semi-linear, Lang's Theorem is applied to conclude that there exists a 
unique 0- twisted aTa^ ^-orbit in TgiG) n aTa"^ , implying transitivity of Gg on each C^. Using 
this observation we can record once more (after |GM08j and |GWj ) the following special case of 
Theorem O 

Corollary 7.7. Let G he a split Kac-Moody group defined over a finite field Fq2 , let 9 he an 

¥g2 -semi-linar flip ofG, and let B he a Borel suhgroup ofG. Then 

Ge\G/B = Itw(W), 
GggB o 5'{gB). 

Proof. As is a semi-linear flip. Propositions 16 .41 and 16. 14[ Lemma FTBl and the subsequent remark 
yield an injection from Gg\G/B into Inv(C) via GggB H> S^{gB). According to Lemma [4.61 it 
remains to prove that any 6'-parallel panel contains a pair of chambers with distinct codistances. 
The theory of flips of (P)SL2(F^2) as developed in [DMGH091 Section 4] implies the existence 
of a two-dimensional non-degenerate cr-hcrmitian sesquilinear form (on the natural module of 
SL2(Fg2)), which necessarily contains both isotropic and anisotropic one-dimensional subspaces. 
The claim follows. □ 



7.2 Flip-flop systems are geometric 

An analysis of involutions of Moufang polygons conducted by Hendrik Van Maldeghem and the 
second author (see Theorem 15. 9|) implies the following consequence of Proposition 15. Ill which 
answers the question whether flip-flop systems of proper flips correspond to a natural diagram 
geometry. 

Theorem 7.8. Let 

• {G, {Ua}a£<s>,T) he an RGB system of 2 -spherical type with finite root groups {C/a}ae$ of 
odd order and of cardinality at least five, or 

• let ¥ he an infinite field of characteristic distinct from two and let G be a connected ¥-split 
reductive ¥ -group or a split Kac-Moody group over ¥ of 2-spherical type {W, S). 

Moreover, let C he the associated twin huilding, and let 6 he a quasi- flip of G. 

Then the flip-flop system is connected and equals the union of the minimal Phan residues of 
Ce- Moreover, there exists K C S, such that {C,6) is K -homogeneous. Furthermore, the K -residue 
chamher system Cf^ is connected and residually connected. In particular, if 6 is proper, then (C, 6) 
is %-homogcneous, and is residually connected. 

Proof. Combine Theorem 15.91 and Proposition [544] with Remarks l2.lM2.3l and l6.lll □ 

Remark 7.9. This largely answers the question from jBGHSOS] whether a flip-flop system of a 
proper flip is geometric in general, as residual connectedness implies this by |Tit81l 2.2-2.4], [BCi 
Chapter 3]. 

Let G be a connected F-split reductive F-group and let be an involutive F-automorphism of 
G(F). By |HW93i Propositions 4.8 and 4.11] all minimal 6'-split parabolic F-subgroups have equal 
type. Theorem 17.81 implies the following generalization. 
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Corollary 7.10. Let G be a connected V-split reductive ¥-group defined over an infinite field F of 
characteristic distinct from two and let 9 be an abstract involutive automorphism ofG{¥). Then 
the minimal 9-split parabolic ¥-subgroups of G{¥) all have equal type. 

Proof. Minimal ^^-split parabolic F-subgroups correspond onc-to-onc to minimal Phan residues of 
that same type. In view of Remark 1 3. 8 P ]) Theorem 17.81 applies. □ 

7.3 Ge is finitely generated over finite fields 

Let C — ((C-)-, (5+), (C_, (5_), (5*) be a locally finite Moufang twin building of rank n, i.e., each 
chamber of C is adjacent to finitely many chambers, and let g S N be minimal with the property 
that C contains a panel of order q + 1. If g > n, then Gg is a lattice in the full automorphism 
group Isom(C-i-) endowed with the topology of compact convergence, as announced by the first 
and the third author in 2007 and published for semi-linear fiips 9 in [GMOSj. (Note that Lemma 
14.81 Proposition 16.41 and Lemma 17.61 of the present article combined with the strategy of |GM08j 
provide a proof for arbitrary quasi-fiips 9.) 

li q > and if C is 2-spherical, then the locally compact group Isom(C+ ) satisfies Kazh- 

dan's property (T) by |DJ02| . Hence the lattice Gg also satisfies property (T) by |BdlHV08l 
Theorem 1.7.1] and, thus, is finitely generated by jBdlHVOSl Theorem 1.3.1]. The following result 
deals with the finite generation of Gg without using Kazhdan's property (T). 

Theorem 7.11. Let (G, {J/ajag*, T) be an RGD .system of 2-spherical type with finite root groups 
{Ua}a£i' of odd Order and of cardinality at least five, and let 9 be a quasi-flip of G. Then the 
group Gg is finitely generated. 

Proof. Since the torus T of G is a finite group and since the [/„ are uniquely 2-divisible, Proposition 
16.41 allows us to apply Lemma FTBl to obtain a finite set X of representatives of Gg-orbits on the fiip- 
fiop system of the twin building C associated to G. Let c G C, to \X\, and G :— B2m{c)r\Gg.c. 
For each d & G, let gd G Gg such that gd{c) = d. Note that G is a finite set, as C is locally finite. 
Since is connected by Theorem 17.81 the pigeon hole principle implies 

C'C IJ B,„(d). 

deGe-c 

Therefore 

Gg = {StahG,{c)U{gd\deG}). 

Since the stabilizer Stabg^ (c) is finite by |CM061 Corollary 3.8] and since G is finite, the group 
Gg is finitely generated. □ 

Example 7.12. Consider the quasi-flip 9 of the group GL„(Fq[t, t^^]) described in Example 13.91 
i.e., 9 fixes GL„(Fg) elementwise and interchanges t and t^^. Then Gg = GLn{¥ q{[t -\- 1~^])) = 
GLn{¥q{[X])). If n > 3 (in which case the group GL„(Fq[t, t~^]) is 2-spherical), then it has already 
been proved in |Beh691 Hauptsatz C(iii)] that the group Gg ^ GL„(Fg([X])) is finitely generated. 
On the other hand, by |Nag59| the group Gg = GL2(Fq([X])) is not finitely generated; note that 
the group GL2(Fg[i, t~^]) is of type Ai, i.e., it is not 2-spherical. 

Remark 7.13. More generally, if G is a non-2-spherical Kac-Moody group over F,, then there 
exist quasi-flips 9 such that Gg is not finitely generated, as observed by Caprace, the first and 
the third author. Indeed, let T be a tree residue of type {s,t} of the building, so that G.T is a 
simplicial tree by [DJ021 Proposition 2.1]. The action of the lattice Gg on the simplicial tree G.T is 
minimal. If 9 is such that the cardinality of {S^{c) G W \ c G T} is infinite (which by Corollarv l7.7l 
for instance is the case if is a semi-linear flip), then there are inflnitely many Gg-orbits on G.T. 
Hence from [Bas931 Proposition 7.9] (also [BLOll Proposition 5.6]) it follows that Gg cannot be 
flnitely generated. 
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